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※所以用二『歐拉角』不用全，蓋不知 SymPy 要算多久故。

如是一個知道

的人，深入

Skew-symmetric matrix

In mathematics, particularly in linear algebra, a skew-symmetric (or antisymmetric or

antimetric ) matrix is a square matrix whose transpose equals its negative; that is, it satis�es

the condition
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A  = −A.

In terms of the entries of the matrix, if a  denotes the entry in the i th row and j th column; i.e.,

A = (a ), then the skew-symmetric condition is a  = −a . For example, the following matrix is

skew-symmetric:

Properties
Throughout, we assume that all matrix entries belong to a �eld  whose characteristic is not

equal to 2: that is, we assume that 1 + 1 ≠ 0, where 1 denotes the multiplicative identity and 0

the additive identity of the given �eld. If the characteristic of the �eld is 2, then a

skew-symmetric matrix is the same thing as a symmetric matrix.

The sum of two skew-symmetric matrices is skew-symmetric.

A scalar multiple of a skew-symmetric matrix is skew-symmetric.

The elements on the diagonal of a skew-symmetric matrix are zero, and therefore also its

trace.

If  is a skew-symmetric matrix with real entries, i.e., if  .

If  is a real skew-symmetric matrix and  is a real eigenvalue, then  .

If  is a real skew-symmetric matrix, then  is invertible, where  is the identity matrix.

Vector space structure

As a result of the �rst two properties above, the set of all skew-symmetric matrices of a �xed

size forms a vector space. The space of  skew-symmetric matrices has dimension

n(n−1)/2.

Let Mat  denote the space of n × n matrices. A skew-symmetric matrix is determined by

n(n − 1)/2 scalars (the number of entries above the main diagonal); a symmetric matrix is

determined by n(n + 1)/2 scalars (the number of entries on or above the main diagonal). Let

Skew  denote the space of n × n skew-symmetric matrices and Sym  denote the space of n × n

symmetric matrices. If A ∈ Mat  then
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Notice that ½(A − A ) ∈ Skew  and ½(A + A ) ∈ Sym . This is true for every square matrix A

with entries from any �eld whose characteristic is different from 2. Then, since Mat  = Skew  +

Sym  and Skew ∩ Sym  = {0},

where ⊕ denotes the direct sum.

Denote by   the standard inner product on R . The real n-by-n matrix A is skew-symmetric

if and only if

This is also equivalent to  for all x (one implication being obvious, the other a plain

consequence of  for all x and y). Since this de�nition is independent of

the choice of basis, skew-symmetry is a property that depends only on thelinear operator A

and a choice of inner product.

All main diagonal entries of a skew-symmetric matrix must be zero, so the trace is zero. If A =

(a ) is skew-symmetric, a  = −a ; hence a  = 0.

3×3 skew symmetric matrices can be used to represent cross products as matrix

multiplications.

Determinant

Let A be a n×n skew-symmetric matrix. The determinant of A satis�es

det(A ) = det(−A) = (−1) det(A).

In particular, if n is odd, and since the underlying �eld is not of characteristic 2, the determinant

vanishes. Hence, all odd dimension skew symmetric matrices are singular as their

determinants are always zero. This result is called Jacobi’s theorem, after Carl Gustav Jacobi

(Eves, 1980).
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The even-dimensional case is more interesting. It turns out that the determinant of A for n

even can be written as the square of a polynomial in the entries of A, which was �rst proved by

Cayley:

det(A) = Pf(A) .

This polynomial is called the Pfaf�an of A and is denoted Pf(A). Thus the determinant of a real

skew-symmetric matrix is always non-negative. However this last fact can be proved in an

elementary way as follows: the eigenvalues of a real skew-symmetric matrix are purely

imaginary (see below) and to every eigenvalue there corresponds the conjugate eigenvalue

with the same multiplicity; therefore, as the determinant is the product of the eigenvalues,

each one repeated according to its multiplicity, it follows at once that the determinant, if it is

not 0, is a positive real number.

The number of distinct terms s(n) in the expansion of the determinant of a skew-symmetric

matrix of order n has been considered already by Cayley, Sylvester, and Pfaff. Due to

cancellations, this number is quite small as compared the number of terms of a generic matrix

of order n, which is n!. The sequence s(n) (sequence A002370 in the OEIS) is

1, 0, 1, 0, 6, 0, 120, 0, 5250, 0, 395010, 0, …

and it is encoded in the exponential generating function

The latter yields to the asymptotics (for n even)

The number of positive and negative terms are approximatively a half of the total, although

their difference takes larger and larger positive and negative values as n increases (sequence

A167029 in the OEIS).

Cross product
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Three-by-three skew-symmetric matrices can be used to represent cross products as matrix

multiplications. Consider vectors  and  . Then, de�ning

matrix:

the cross product can be written as

This can be immediately veri�ed by computing both sides of the previous equation and

comparing each corresponding element of the results.

See also: Plücker matrix

One actually has

i.e., the commutator of skew-symmetric three-by-three matrices can be identi�ed with the

cross-product of three-vectors. Since the skew-symmetric three-by-three matrices are the Lie

algebra of the rotation group  this elucidates the relation between three-space  , the

cross product and three-dimensional rotations. More on in�nitesimal rotations can be found

below.

以及

Cross product

In mathematics and vector algebra, the cross product or vector product (occasionally directed

area product to emphasize the geometric signi�cance) is a binary operation on two vectors in

three-dimensional space (R ) and is denoted by the symbol ×. Given twolinearly independent

vectors a and b, the cross product, a × b, is a vector that is perpendicular to both a and b and

thus normal to the plane containing them. It has many applications in mathematics, physics,

engineering, and computer programming. It should not be confused with dot product
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(projection product).

If two vectors have the same direction (or have the exact opposite direction from one another,

i.e. are not linearly independent) or if either one has zero length, then their cross product is

zero. More generally, the magnitude of the product equals the area of aparallelogram with the

vectors for sides; in particular, the magnitude of the product of two perpendicular vectors is

the product of their lengths. The cross product is anticommutative (i.e., a × b = −(b × a)) and is

distributive over addition (i.e.,a × (b + c) = a × b + a × c). The space R  together with the cross

product is an algebra over the real numbers, which is neither commutative nor associative, but

is a Lie algebra with the cross product being the Lie bracket.

Like the dot product, it depends on the metric of Euclidean space, but unlike the dot product, it

also depends on a choice of orientation or “handedness“. The product can be generalized in

various ways; it can be made independent of orientation by changing the result to

pseudovector, or in arbitrary dimensions the exterior product of vectors can be used with a

bivector or two-form result. Also, using the orientation and metric structure just as for the

traditional 3-dimensional cross product, one can in n dimensions take the product ofn − 1

vectors to produce a vector perpendicular to all of them. But if the product is limited to

non-trivial binary products with vector results, it exists only in three and seven dimensions.

If one adds the further requirement that the product be uniquely de�ned, then only the

3-dimensional cross product quali�es. (See § Generalizations, below, for other dimensions.)

The cross product in respect to a right-handed coordinate system

3
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De�nition
The cross product of two vectors a and b is de�ned only in three-dimensional space and is

denoted by a × b. In physics, sometimes the notation a∧ b is used,  though this is avoided in

mathematics to avoid confusion with theexterior product.

The cross product a × b is de�ned as a vector c that is perpendicular (orthogonal) to both a and

b, with a direction given by the right-hand rule and a magnitude equal to the area of the

parallelogram that the vectors span.

The cross product is de�ned by the formula

where θ is the angle between a and b in the plane containing them (hence, it is between 0° and

180°), ‖a‖ and ‖b‖ are the magnitudes of vectors a and b, and n is a unit vector

perpendicular to the plane containing a and bin the direction given by the right-hand rule

(illustrated). If the vectors a and b are parallel (i.e., the angle θ between them is either 0° or

180°), by the above formula, the cross product of a and b is the zero vector 0.

By convention, the direction of the vector n is given by the right-hand rule, where one simply

points the fore�nger of the right hand in the direction of a and the middle �nger in the

direction of b. Then, the vector n is coming out of the thumb (see the picture on the right).

Using this rule implies that the cross product is anti-commutative, i.e., b × a = −(a × b). By

pointing the fore�nger toward b �rst, and then pointing the middle �nger toward a, the thumb

will be forced in the opposite direction, reversing the sign of the product vector.

Using the cross product requires the handedness of the coordinate system to be taken into

account (as explicit in the de�nition above). If a left-handed coordinate system is used, the

direction of the vector n is given by the left-hand rule and points in the opposite direction.

This, however, creates a problem because transforming from one arbitrary reference system to

another (e.g., a mirror image transformation from a right-handed to a left-handed coordinate

system), should not change the direction of n. The problem is clari�ed by realizing that the

cross product of two vectors is not a (true) vector, but rather a pseudovector. See cross product

and handedness for more detail.
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Names

According to Sarrus’s rule, the determinant of a 3×3 matrix involves multiplications between

matrix elements identi�ed by crossed diagonals

In 1881, Josiah Willard Gibbs, and independently Oliver Heaviside, introduced both the dot

product and the cross product using a period (a . b) and an “x” (a x b), respectively, to denote

them.

In 1877, to emphasize the fact that the result of a dot product is a scalar while the result of a

cross product is a vector, William Kingdon Clifford coined the alternative namesscalar product

and vector product for the two operations.  These alternative names are still widely used in

the literature.

Both the cross notation (a × b) and the name cross product were possibly inspired by the fact

that each scalar component of a × b is computed by multiplying non-corresponding

components of a and b. Conversely, a dot product a ⋅ b involves multiplications between

corresponding components of a and b. As explained below, the cross product can be expressed

in the form of a determinant of a special 3 × 3 matrix. According to Sarrus’s rule, this involves

multiplications between matrix elements identi�ed by crossed diagonals.

之後，將會 …… 耶☆
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