
《説文解字》：燕，玄鳥也。籋口，布翄，

枝尾。象形。凡燕之屬皆从燕。

玄鳥生商

春分玄鳥降，湯之先祖有娀氏女簡狄配高辛

氏帝，帝率與之祈于郊而生契。

《詩經‧商頌‧玄鳥》

天命玄鳥，降而生商，宅殷土芒芒。古帝命

武湯，正域彼四方。方命厥後，奄有九有。

商之先後，受命不殆，在武丁孫子。武丁孫

子，武王靡不勝。龍旂十乘，大糦是承。邦

畿千里，維民所止，肇域彼四海。四海來

假，來假祁祁。景員維河。殷受命鹹宜，百

祿是何。

《敦煌變文集‧燕子賦》

燕子曰︰人急燒香，狗急驀牆。
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如果說狗急跳牆，那狗也可能會遇到『跳不

過的』牆，可是這個『電子』說來是更玄的

啊！它跳得過那個跳不過的牆！！

一九二七年丹麥的大物理學家尼爾斯‧波耳

Niels Bohr 在量子力學中，提出了『互補性

原理』complementarity principle ︰

微觀物體可能具有波動性或粒子性，有時會

表現出波動性，有時會表現出粒子性。當描

述微觀物體的量子行為時，必須同時思考其

波動性與粒子性。

也就是說『電子』要當作『粒子』講或當作

『波動』講，得看具體情況而定，像在『陰

陽互補』的未定之天。因為『量子系統』滿

足的『波動方程式』是個『機率波』，所以

那個『箱內電子』就有機會在『箱外』被發

現，並將此效應命名為『量子穿隧效應』

Quantum tunnelling effect 。



那就看個 STM 的演示影片吧！！

『掃描式隧道顯微鏡』 STM scanning

tunneling microscope 是一種利用『量子穿隧

效應』探測物質表面結構的儀器。這個儀器

在一九八一年於瑞士 IBM 蘇黎世實驗室，由

德國物理學家格爾德‧賓寧 Gerd Binnig 和瑞

士德裔物理學家海因里希‧羅雷爾 Heinrich

Rohrer 所發明，兩人因此於一九八六年獲得

諾貝爾物理學獎的殊榮。這個厲害的設備，

可以讓科學家『觀察』與『定位』『單個原

子』，是同等級的『原子顯微鏡』中之『分

辨率』的『極高等級』。假使在『四度 』

的低溫下，可以利用『探針尖端』精確的

『操縱原子』，故為『奈米科技』中的重要

『量測儀器』和『加⼯⼯具』。

左圖是單獨鈷原子在 表面上的形貌

影像。



───《箱內電子！！》

如何思議『天行健』？玄鳥生商已太古！

波耳一步？？宇宙花費百億年！！

Hydrogen atom

A hydrogen atom is an atom of the chemical element hydrogen. The electrically neutral atom

contains a single positively charged proton and a single negatively charged electron bound to

the nucleus by the Coulomb force. Atomic hydrogen constitutes about 75% of the baryonic

mass of the universe.[1]



In everyday life on Earth, isolated hydrogen atoms (called “atomic hydrogen”) are extremely

rare. Instead, hydrogen tends to combine with other atoms in compounds, or with itself to form

ordinary (diatomic) hydrogen gas, H . “Atomic hydrogen” and “hydrogen atom” in ordinary

English use have overlapping, yet distinct, meanings. For example, a water molecule contains

two hydrogen atoms, but does not contain atomic hydrogen (which would refer to isolated

hydrogen atoms).

Atomic spectroscopy shows that there is a discrete in�nite set of states in which a hydrogen

(or any) atom can exist, contrary to the predictions of classical physics. Attempts to develop a

theoretical understanding of the states of the hydrogen atom have been important to the

history of quantum mechanics, since all other atoms can be roughly understood by knowing in

detail about this simplest atomic structure.

Depiction of a hydrogen atom showing the diameter as about twice the Bohr model radius.

(Image not to scale)

Theoretical analysis
The hydrogen atom has special signi�cance in quantum mechanics and quantum �eld theory as

a simple two-body problem physical system which has yielded many simple analytical solutions

in closed-form.

Failed classical description

Experiments by Ernest Rutherford in 1909 showed the structure of the atom to be a dense,

positive nucleus with a light, negative charge orbiting around it. This immediately caused
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problems on how such a system could be stable. Classical electromagnetism had shown that

any accelerating charge radiates energy described through the Larmor formula. If the electron

is assumed to orbit in a perfect circle and radiates energy continuously, the electron would

rapidly spiral into the nucleus with a fall time of:

Where  is the Bohr radius and  is the classical electron radius. If this were true, all atoms

would instantly collapse, however atoms seem to be stable. Furthermore, the spiral inward

would release a smear of electromagnetic frequencies as the orbit got smaller. Instead, atoms

were observed to only emit discrete frequencies of radiation. The resolution would lie in the

development of quantum mechanics.

Bohr-Sommerfeld Model

Main article: Bohr model

In 1913, Niels Bohr obtained the energy levels and spectral frequencies of the hydrogen atom

after making a number of simple assumptions in order to correct the failed classical model. The

assumptions included:

Electrons can only be in certain, discrete circular orbits or stationary states, thereby having a

discrete set of possible radii and energies.

1. 

Electrons do not emit radiation while in one of these stationary states.2. 

An electron can gain or lose energy by jumping from one discrete orbital to another.3. 

Bohr supposed that the electron’s angular momentum is quantized with possible values:

where 

and  is Planck constant over  . He also supposed that the centripetal force which keeps the

electron in its orbit is provided by the Coulomb force, and that energy is conserved. Bohr

derived the energy of each orbit of the hydrogen atom to be:

,

[3]

[4]



where  is the electron mass,  is the electron charge,  is the vacuum permittivity, and  is

the quantum number (now known as the principal quantum number). Bohr’s predictions

matched experiments measuring the hydrogen spectral series to the �rst order, giving more

con�dence to a theory that used quantized values.

For  , the value

is called the Rydberg unit of energy. It is related to the Rydberg constant  of atomic physics

by 

The exact value of the Rydberg constant assumes that the nucleus is in�nitely massive with

respect to the electron. For hydrogen-1, hydrogen-2 (deuterium), and hydrogen-3 (tritium) the

constant must be slightly modi�ed to use the reduced mass of the system, rather than simply

the mass of the electron. However, since the nucleus is much heavier than the electron, the

values are nearly the same. The Rydberg constant R  for a hydrogen atom (one electron), R is

given by

where  is the mass of the atomic nucleus. For hydrogen-1, the quantity  is about

1/1836 (i.e. the electron-to-proton mass ratio). For deuterium and tritium, the ratios are about

1/3670 and 1/5497 respectively. These �gures, when added to 1 in the denominator,

represent very small corrections in the value of R, and thus only small corrections to all energy

levels in corresponding hydrogen isotopes.

There were still problems with Bohr’s model:

it failed to predict other spectral details such as �ne structure and hyper�ne structure1. 

it could only predict energy levels with any accuracy for single–electron atoms

(hydrogen–like atoms)

2. 

the predicted values were only correct to  , where  is the �ne-structure

constant.

3. 

[5]
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Most of these shortcomings were repaired by Arnold Sommerfeld’s modi�cation of the Bohr

model. Sommerfeld introduced two additional degrees of freedom allowing an electron to

move on an elliptical orbit, characterized by its eccentricity and declination with respect to a

chosen axis. This introduces two additional quantum numbers, which correspond to the orbital

angular momentum and its projection on the chosen axis. Thus the correct multiplicity of

states (except for the factor 2 accounting for the yet unknown electron spin) was found.

Further applying special relativity theory to the elliptic orbits, Sommerfeld succeeded in

deriving the correct expression for the �ne structure of hydrogen spectra (which happens to

be exactly the same as in the most elaborate Dirac theory). However some observed

phenomena such as the anomalous Zeeman effect remain unexplained. These issues were

resolved with the full development of quantum mechanics and the Dirac equation. It is often

alleged, that the Schrödinger equation is superior to the Bohr-Sommerfeld theory in

describing hydrogen atom. This is however not the case, as the most results of both

approaches coincide or are very close (a remarkable exception is the problem of hydrogen

atom in crossed electric and magnetic �elds, which cannot be solved in the framework of the

Bohr-Sommerfeld theory self-consistently), and their main shortcomings result from the

absence of the electron spin in both theories. It was the complete failure of the

Bohr-Sommerfeld theory to explain many-electron systems (such as helium atom or hydrogen

molecule) which demonstrated its inadequacy in describing quantum phenomena.

Schrödinger equation

The Schrödinger equation allows one to calculate the development of quantum systems with

time and can give exact, analytical answers for the non-relativistic hydrogen atom.

Wavefunction

The Hamiltonian of the hydrogen atom is the radial kinetic energy operator and coulomb

attraction force between the positive proton and negative electron. Using the

time-independent Schrödinger equation, ignoring all spin-coupling interactions and using the

reduced mass  , the equation is written as:

Expanding the Laplacian in spherical coordinates:



This is a separable, partial differential equation which can be solved in terms of special

functions. The normalized position wavefunctions, given in spherical coordinates are:

where:

,

is the reduced Bohr radius, ,

is a generalized Laguerre polynomial of degree n − ℓ − 1, and

is a spherical harmonic function of degree ℓ and order m. Note that the generalized

Laguerre polynomials are de�ned differently by different authors. The usage here is consistent

with the de�nitions used by Messiah,  and Mathematica.  In other places, the Laguerre

polynomial includes a factor of ,  or the generalized Laguerre polynomial appearing in

the hydrogen wave function is  instead.

The quantum numbers can take the following values:

Additionally, these wavefunctions are normalized (i.e., the integral of their modulus square

equals 1) and orthogonal:

[6] [7]

[8]
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where  is the state represented by the wavefunction  in Dirac notation, and  is

the Kronecker delta function.

The wavefunctions in momentum space are related to the wavefunctions in position space

through a Fourier transform

which, for the bound states, results in 

where  denotes a Gegenbauer polynomial and  is in units of  .

3D illustration of the eigenstate . Electrons in this state are 45% likely to be found within

the solid body shown.

The solutions to the Schrödinger equation for hydrogen are analytical, giving a simple

expression for the hydrogen energy levels and thus the frequencies of the hydrogen spectral

lines and fully reproduced the Bohr model and went beyond it. It also yields two other

[10]

[11]



quantum numbers and the shape of the electron’s wave function (“orbital”) for the various

possible quantum-mechanical states, thus explaining the anisotropic character of atomic

bonds.

The Schrödinger equation also applies to more complicated atoms and molecules. When there

is more than one electron or nucleus the solution is not analytical and either computer

calculations are necessary or simplifying assumptions must be made.

Since the Schrödinger equation is only valid for non-relativistic quantum mechanics, the

solutions it yields for the hydrogen atom are not entirely correct. The Dirac equation of

relativistic quantum theory improves these solutions (see below).

Results of Schrödinger equation

The solution of the Schrödinger equation (wave equation) for the hydrogen atom uses the fact

that the Coulomb potential produced by the nucleus is isotropic (it is radially symmetric in

space and only depends on the distance to the nucleus). Although the resultingenergy

eigenfunctions (the orbitals) are not necessarily isotropic themselves, their dependence on the

angular coordinates follows completely generally from this isotropy of the underlying

potential: the eigenstates of the Hamiltonian (that is, the energy eigenstates) can be chosen as

simultaneous eigenstates of the angular momentum operator. This corresponds to the fact

that angular momentum is conserved in the orbital motion of the electron around the nucleus.

Therefore, the energy eigenstates may be classi�ed by two angular momentum quantum

numbers, ℓ and m (both are integers). The angular momentum quantum number ℓ = 0, 1, 2, …

determines the magnitude of the angular momentum. The magnetic quantum number m = −ℓ,

…, +ℓ determines the projection of the angular momentum on the (arbitrarily chosen) z-axis.

In addition to mathematical expressions for total angular momentum and angular momentum

projection of wavefunctions, an expression for the radial dependence of the wave functions

must be found. It is only here that the details of the 1/r Coulomb potential enter (leading to

Laguerre polynomials in r). This leads to a third quantum number, the principal quantum

number n = 1, 2, 3, …. The principal quantum number in hydrogen is related to the atom’s total

energy.

Note that the maximum value of the angular momentum quantum number is limited by the

principal quantum number: it can run only up to n − 1, i.e. ℓ = 0, 1, …, n − 1.



Due to angular momentum conservation, states of the same ℓ but different m have the same

energy (this holds for all problems with rotational symmetry). In addition, for the hydrogen

atom, states of the same n but different ℓ are also degenerate (i.e. they have the same energy).

However, this is a speci�c property of hydrogen and is no longer true for more complicated

atoms which have an (effective) potential differing from the form 1/r (due to the presence of

the inner electrons shielding the nucleus potential).

Taking into account the spin of the electron adds a last quantum number, the projection of the

electron’s spin angular momentum along the z-axis, which can take on two values. Therefore,

any eigenstate of the electron in the hydrogen atom is described fully by four quantum

numbers. According to the usual rules of quantum mechanics, the actual state of the electron

may be any superposition of these states. This explains also why the choice of z-axis for the

directional quantization of the angular momentum vector is immaterial: an orbital of given ℓ

and m′ obtained for another preferred axis z′ can always be represented as a suitable

superposition of the various states of different m (but same l) that have been obtained for z.

Mathematical summary of eigenstates of hydrogen atom

Main article: Hydrogen-like atom

In 1928, Paul Dirac found an equation that was fully compatible with Special Relativity, and (as

a consequence) made the wave function a 4-component “Dirac spinor” including “up” and

“down” spin components, with both positive and “negative” energy (or matter and antimatter).

The solution to this equation gave the following results, more accurate than the Schrödinger

solution.

Energy levels

The energy levels of hydrogen, including �ne structure (excluding Lamb shift and hyper�ne

structure), are given by the Sommerfeld �ne structure expression:[12]



where α is the �ne-structure constant and j is the “total angular momentum” quantum number,

which is equal to |ℓ ± 1/2| depending on the direction of the electron spin. This formula

represents a small correction to the energy obtained by Bohr and Schrödinger as given above.

The factor in square brackets in the last expression is nearly one; the extra term arises from

relativistic effects (for details, see #Features going beyond the Schrödinger solution). It is

worth noting that this expression was �rst obtained by A. Sommerfeld in 1916 based on the

relativistic version of the old Bohr theory. Sommerfeld has however used different notation for

the quantum numbers.

誰睹電子真面目？ 千變萬化一實無！☻

Visualizing the hydrogen electron orbitals

Main article: Atomic orbital

Probability densities through the xz-plane for the electron at different quantum numbers (ℓ,

across top; n, down side; m = 0)

The image to the up shows the �rst few hydrogen atom orbitals (energy eigenfunctions). These

are cross-sections of the probability density that are color-coded (black represents zero

density and white represents the highest density). The angular momentum (orbital) quantum



number ℓ is denoted in each column, using the usual spectroscopic letter code (s means ℓ = 0, p

means ℓ = 1, d means ℓ = 2). The main (principal) quantum number n (= 1, 2, 3, …) is marked to

the right of each row. For all pictures the magnetic quantum number m has been set to 0, and

the cross-sectional plane is the xz-plane (z is the vertical axis). The probability density in three-

dimensional space is obtained by rotating the one shown here around the z-axis.

The “ground state“, i.e. the state of lowest energy, in which the electron is usually found, is the

�rst one, the 1s state (principal quantum level n = 1, ℓ = 0).

Black lines occur in each but the �rst orbital: these are the nodes of the wavefunction, i.e.

where the probability density is zero. (More precisely, the nodes are spherical harmonics that

appear as a result of solvingSchrödinger equation in polar coordinates.)

The quantum numbers determine the layout of these nodes.  There are:

total nodes,

of which are angular nodes:

angular nodes go around the  axis (in the xy plane). (The �gure above does not show these

nodes since it plots cross-sections through the xz-plane.)

(the remaining angular nodes) occur on the  (vertical) axis.

(the remaining non-angular nodes) are radial nodes.

Features going beyond the Schrödinger solution

There are several important effects that are neglected by the Schrödinger equation and which

are responsible for certain small but measurable deviations of the real spectral lines from the

predicted ones:

Although the mean speed of the electron in hydrogen is only 1/137th of the speed of light,

many modern experiments are suf�ciently precise that a complete theoretical explanation

requires a fully relativistic treatment of the problem. A relativistic treatment results in a

momentum increase of about 1 part in 37,000 for the electron. Since the electron’s

wavelength is determined by its momentum, orbitals containing higher speed electrons

show contraction due to smaller wavelengths.

Even when there is no external magnetic �eld, in the inertial frame of the moving electron,

the electromagnetic �eld of the nucleus has a magnetic component. The spin of the electron

[13]



has an associated magnetic moment which interacts with this magnetic �eld. This effect is

also explained by special relativity, and it leads to the so-called spin-orbit coupling, i.e., an

interaction between the electron‘s orbital motion around the nucleus, and its spin.

Both of these features (and more) are incorporated in the relativistic Dirac equation, with

predictions that come still closer to experiment. Again the Dirac equation may be solved

analytically in the special case of a two-body system, such as the hydrogen atom. The resulting

solution quantum states now must be classi�ed by the total angular momentum number j

(arising through the coupling between electron spin and orbital angular momentum). States of

the same j and the same n are still degenerate. Thus, direct analytical solution of Dirac

equation predicts 2S(1/2) and 2P(1/2) levels of Hydrogen to have exactly the same energy,

which is in a contradiction with observations (Lamb-Retherford experiment).

There are always vacuum �uctuations of the electromagnetic �eld, according to quantum

mechanics. Due to such �uctuations degeneracy between states of the same j but different l

is lifted, giving them slightly different energies. This has been demonstrated in the famous

Lamb-Retherford experiment and was the starting point for the development of the theory

of Quantum electrodynamics (which is able to deal with these vacuum �uctuations and

employs the famous Feynman diagrams for approximations using perturbation theory). This

effect is now called Lamb shift.

For these developments, it was essential that the solution of the Dirac equation for the

hydrogen atom could be worked out exactly, such that any experimentally observed deviation

had to be taken seriously as a signal of failure of the theory.

鉅細靡遺是大道☆想方設法欲網羅★

qutip/qutip

QuTiP: Quantum Toolbox in Python

QuTiP: Quantum Toolbox in Python



A. Pitchford, C. Granade, A. Grimsmo, P. D. Nation, and J. R. Johansson

QuTiP is open-source software for simulating the dynamics of closed and open quantum

systems. The QuTiP library uses the excellent Numpy, Scipy, and Cython packages as numerical

backend, and graphical output is provided by Matplotlib. QuTiP aims to provide user-friendly

and ef�cient numerical simulations of a wide variety of quantum mechanical problems,

including those with Hamiltonians and/or collapse operators with arbitrary time-dependence,

commonly found in a wide range of physics applications. QuTiP is freely available for use

and/or modi�cation, and it can be used on all Unix-based platforms and on Windows. Being

free of any licensing fees, QuTiP is ideal for exploring quantum mechanics in research as well

as in the classroom.

Installation
sudo pip3 install qutip

Demos
A selection of demonstration notebooks is available here: launch binder

or may be found at: github.com/qutip/qutip-notebooks.

Documentation
The documentation for of�cial releases, in HTML and PDF formats, are available at:

http://qutip.org/documentation.html

and the development documentation is available at github.com/qutip/qutip-doc.

Contribute
You are most welcome to contribute to QuTiP development by forking this repository and

sending pull requests, or �ling bug reports at the issues page, or send us bug reports, questions,

or your proposed changes to our QuTiP discussion group.



All contributions are acknowledged in the contributors section in the documentation.

Note that all contributions must adhere to the PEP 8 — Style Guide for Python Code.

For more information, including technical advice, please see Contributing to QuTiP

development.

天象日遠人事近，機緣依舊在乎◎


