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Probability-generating function

 In probability theory, the probability generating function of a discrete random variable is a

power series representation (the generating function) of the probability mass function of the

random variable. Probability generating functions are often employed for their succinct

description of the sequence of probabilities Pr(X = i) in the probability mass function for a

random variable X, and to make available the well-developed theory of power series with

non-negative coef�cients.

De�nition

Univariate case

If X is a discrete random variable taking values in the non-negative integers {0,1, …}, then the

probability generating function of X is de�ned as [1]



where p is the probability mass function of X. Note that the subscripted notations G  and p

are often used to emphasize that these pertain to a particular random variable X, and to its

distribution. The power series converges absolutely at least for all complex numbers z with

|z| ≤ 1; in many examples the radius of convergence is larger.

Multivariate case

If X = (X ,…,X ) is a discrete random variable taking values in the d-dimensional non-negative

integer lattice {0,1, …} , then the probability generating function of X is de�ned as

where p is the probability mass function of X. The power series converges absolutely at least

for all complex vectors z = (z ,…,z ) ∈ℂ  with max{|z |,…,|z |} ≤ 1.

Properties

Power series

Probability generating functions obey all the rules of power series with non-negative

coef�cients. In particular, G(1 ) = 1, where G(1 ) = lim G(z) from below, since the

probabilities must sum to one. So the radius of convergence of any probability generating

function must be at least 1, by Abel’s theorem for power series with non-negative coef�cients.

Probabilities and expectations

The following properties allow the derivation of various basic quantities related to X:

1. The probability mass function of X is recovered by taking derivatives of G
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2. It follows from Property 1 that if random variables X and Y have probability generating

functions that are equal, G  = G , then p  = p . That is, if X and Y have identical probability

generating functions, then they have identical distributions.

3. The normalization of the probability density function can be expressed in terms of the

generating function by

The expectation of X is given by

More generally, the k factorial moment,  of X is given by

So the variance of X is given by

4.  where X is a random variable,  is the probability generating

function (of X) and  is the moment-generating function (of X) .
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Moment-generating function

In probability theory and statistics, the moment-generating function of a real-valued random
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variable is an alternative speci�cation of its probability distribution. Thus, it provides the basis

of an alternative route to analytical results compared with working directly with probability

density functions or cumulative distribution functions. There are particularly simple results for

the moment-generating functions of distributions de�ned by the weighted sums of random

variables. Note, however, that not all random variables have moment-generating functions.

In addition to real-valued distributions (univariate distributions), moment-generating

functions can be de�ned for vector- or matrix-valued random variables, and can even be

extended to more general cases.

The moment-generating function of a real-valued distribution does not always exist, unlike the

characteristic function. There are relations between the behavior of the moment-generating

function of a distribution and properties of the distribution, such as the existence of moments.

De�nition
In probability theory and statistics, the moment-generating function of a random variable X is

wherever this expectation exists. In other terms, the moment-generating function can be

interpreted as the expectation of the random variable .

 always exists and is equal to 1.

A key problem with moment-generating functions is that moments and the moment-

generating function may not exist, as the integrals need not converge absolutely. By contrast,

the characteristic function or Fourier transform always exists (because it is the integral of a

bounded function on a space of �nite measure), and for some purposes may be used instead.

More generally, where , an n-dimensional random vector, and t a �xed

vector, one uses  instead of tX:

T



The reason for de�ning this function is that it can be used to �nd all the moments of the

distribution.  The series expansion of e  is:

Hence:

where m  is the nth moment.

Differentiating M (t) i times with respect to t and setting t = 0 we hence obtain the ith moment

about the origin, m , see Calculations of moments below.
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